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I. INTRODUCTION

Active control of aircraft cabin noise through the utili-
zation of smart structures is a research area that has been
thoroughly investigated since the late 1980s.1 Prior to the
introduction of active control methods for this application,
passive methods of noise reduction were the primary options
for controlling cabin noise.2,3 Many of the passive methods
involve negative aspects ranging from weight penalties, in
the case of structural stiffening,4 to lack of performance at
low frequency, long-wavelength applications when employ-
ing surface damping treatments.5 The use of passively tuned
vibration absorbers was also deemed ineffective due to prob-
lems maintaining proper tuning in the presence of varying
environmental conditions, typical of an aircraft while chang-
ing altitudes.

At the time of its introduction active control was found
to be an exciting and attractive option for controlling aircraft
cabin noise because of its high level of adaptability. How-
ever, there were a number of limitations observed during the
initial implementation of active control. The use of large
numbers of transducers often restricted active control at-
tempts to controlled laboratory environments. Microphone,
speaker, and accelerometer arrays were not uncommon com-
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ponents of an early active control system.6 The arrays had
the potential to occupy substantial space, add undesired
weight, and require considerable amounts of wiring, not to
mention the potentially prohibitive costs. Many of these is-
sues were addressed with the introduction of active materials
as a transducer alternative. The beneficial properties of active
materials �such as high bandwidth of operation, convenient
surface mounting, and spatial filtering through distributed
actuation/sensing� became a major selling point for active
control of aircraft cabin noise.

Initial investigations into using piezoceramic actuators
for the active control of structurally radiated sound were
based upon the use of single and multiple transducers.7,8

Much of this work built upon a prior investigation involving
the active control of interior aircraft noise induced by
propellers1 and was complemented by an investigation in-
volving the reduction of sound transmission from elastic
plates through vibration inputs.9 The work done in these in-
vestigations was instrumental in advancing the shift of struc-
tural acoustic control focus from the passive to active realm.

A later group of investigations on the active control of
aircraft cabin noise was conducted in 1996 on a deHavilland
Dash-8 aircraft.10 While the placement of the transducers
was not optimized in this work, the results of the tests proved
that it was feasible to use piezoceramic actuators in the re-
duction of interior cabin noise and fuselage vibration.
Though the primary source of disturbance in the deHavilland
experiments was propeller noise, similar research that in-
cluded broadband noise due to boundary layer turbulence

6
was conducted in 1997. Actuator locations used in that
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study were optimized based upon previously acquired ana-
lytical data. Results of the study showed that reduction of
interior noise could be achieved through active techniques,
but that a practical system would still take some time to
develop.

Clark and Frampton11 conducted additional investiga-
tions involving active control of turbulent boundary layer
noise transmission through an aeroelastic plate. This was just
one of several investigations by Frampton and Clark12,13 that
involved the control of TBL noise transmission and aeroelas-
tic coupling, investigations that served to increase the inter-
est in finding applicable active solutions to reducing interior
aircraft noise. Research into the analysis of TBL noise trans-
mission through aircraft sidewalls continues to be a major
point of investigation.14

While there has been much research into the design of
adaptive structures capable of reducing noise transmission to
the interior of an aircraft cabin, the design of such structures
able to handle a range of boundary conditions while still
reducing transmission has yet to be fully explored. A model
capable of aiding in this design process cannot be based
upon ideal boundary conditions alone. Ideal conditions, such
as simply-supported or clamped boundaries, are often found
in basic engineering models and serve as simplistic bounds
for realistic boundary conditions. While ideal conditions can
have constraints such as zero displacement or slope at a
boundary, realistic conditions cannot. Consideration of vary-
ing boundary conditions found in real-world structures is im-
portant for understanding the potential impact these varia-
tions can have on optimal transducer placement.

This paper outlines a process for identifying the optimal
size and location of a distributed actuator and sensor pair to
control sound radiation from a thin plate with variable
boundary conditions. The process involves the creation of a
structural model capable of representing the plate and the
expected range of boundary condition variations. Piezoelec-
tric transducers are added to the structural model to serve as
actuators and sensors, and radiation filters as detailed by
Gibbs et al.15 are incorporated to provide an estimate of ra-
diated sound power for the performance metric. The place-
ment and size of the piezoelectric transducers are scored us-
ing a metric that promotes coupling to low frequency modes
that radiate sound efficiently while minimizing coupling to
modes that radiate inefficiently. The scoring metric is com-
bined with a genetic algorithm to produce candidate solu-
tions. Results from this study indicate that it is possible to
optimize actuator/sensor size and location to minimize the
impact associated with uncertainty in boundary conditions on
structural acoustic control performance.

II. THE STRUCTURAL PLATE MODEL

The structural plate model is developed using a standard
assumed modes approach.16 Rotational springs, which can be
assigned varying levels of stiffness, are distributed along
each of the four edges of the plate,17 building a model ca-
pable of varying from simply supported to a near clamped
condition. Figure 1 shows a schematic of the assumed rota-

tional springs distributed along a single edge of the plate. For
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such boundary conditions, the eigenfunctions of the pinned-
boundary plate serve as admissible functions �Eq. �2�� for use
in this model.18

From the expansion theorem, the response of the plate
can be expressed as follows:

w�x,y,t� = �
r=1

M

�
s=1

N

�rs�x,y��rs�t� , �1�

where �rs�t� is the time domain response in modal coordi-
nates, and

�rs�x,y� =
2

�mab
sin� r�x

a
�sin� s�y

b
� . �2�

From Eq. �2�, �rs represents the mass normalized mode
shape of a simply supported plate. Additionally, m is the
mass per unit area of the plate, a is the length of the plate in
the x direction, and b is the length of the plate in the y
direction.

Since the purpose of this study is active control, an up-
per frequency limit �1250 Hz� is identified, above which it
would be expected that passive methods may be more effec-
tive. Since the fundamental mode of the system is one of
primary interest, a lower bound on the frequency range is not
needed �it can be assumed to be 0 Hz�. The plate model is
generated for the first 30 assumed mode shapes in the x and
y directions, respectively. This generates a total of 900 as-
sumed modes.

The generation of state-space equations is accomplished
using energy functions for the structural model
development.19 It is possible to create expressions for the
kinetic �T� and potential �V� energy of the plate as follows:

T =
1

2
�h	 	

area
�� �i�x,y�q̇i��� � j�x,y�q̇j�dx dy . �3�

In the above equation for T, � is the density of the plate,
h is the thickness, and q̇i is the modal velocity.
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FIG. 1. Depiction of rotational spring along one edge of test plate.
0
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In the above equation for V, De is Eshs
3 /12�1−�s

2�, where
Es is Young’s modulus, hs is the plate’s thickness, and �s is
Poisson’s ratio. The terms containing the KT values represent
the distributed rotational springs present along the four edges
of the plate. Using the assumed modes and the expressions
for kinetic and potential energy, it is possible to derive a
mass and stiffness matrix for the system upon applying
Lagrange’s equations of motion in conjunction with Eq.
�1�.16

The eigenvectors and eigenvalues of the finite dimen-
sional plate model are calculated after the formation of the
mass and stiffness matrices. The stiffness matrix accrues off-
diagonal terms due to the rotary springs at the boundaries.
Each spring adds torque proportional to the rotational angle
of the corresponding edge as well as the physical properties
of the spring itself �contained in the KT terms�. This angle is
determined by examining the rate of change of the deflection
�or height� of the plate along each particular axis
����0,y� /�x for example�. The springs contribute nothing to
the kinetic energy since they are assumed massless.

The resulting finite-dimensional eigenvectors can be
used to form the approximate mode shapes of the system
from the admissible functions. The solution is known to con-
verge asymptotically from above, so the greater the number
of assumed modes, the better the estimate of the natural fre-
quencies of the structure. Using the first 30 simply supported
mode shapes in the x and y directions, it was possible to
produce natural frequencies for the first 40 plate modes that
when compared to an established source20 exhibited less than
a 3% error.

III. RADIATION MODEL

The goal of this project is to provide a design tool for
optimizing transducer size and location for active control of
sound transmission through a plate subject to a varying range
of boundary conditions. Given this goal, the performance
metric is radiated sound power. It is well known that some
structural modes radiate more efficiently than others,21 and
thus the performance metric, constructed from radiation fil-
ters, is directed at control of these modes. Using discrete
structural measurements, radiation modal expansion
�RME�15 can be used to quickly estimate the sound power
radiated in the context of a state-space model, enabling rapid
computation and comparison of actuator and sensor pairs
during the optimization procedure.

The RME method is based on the concept of radiation
modes of a structure, described by Elliott and Johnson,22

whereby the sound radiation from a structure is assumed to
consist of contributions from a finite number of discrete el-
emental radiators. The velocity of each elemental radiator is
measured using an accelerometer placed at the center of the

radiator. The spacing and number of elemental radiators,
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which corresponds to the number of accelerometers de-
ployed, must satisfy constraints based on acoustic wave-
length and structural wave number.22 The radiated sound
power is given by the product of the velocities of the elemen-
tal radiators �a�j��� and a radiation resistance matrix
�R�j���:

P̄ = a�j��HR�j��a�j�� . �5�

Radiation modal expansion uses an approximation to the
frequency dependent radiation resistance matrix, R, that is
compact and easy to compute. If the singular vectors of R at
a frequency � describe the radiation modes of R at that fre-
quency, RME assumes that R can be described across a broad
frequency range using a weighted summation of the radiation
modes computed at that frequency. The accuracy of this ap-
proximation depends on the frequency where the radiation
modes are computed, relative to the frequency where the
approximation is used. For the work presented, the radiation
modes are computed at the first natural frequency of the plate
model for all possible boundary conditions. For applications
where the bandwidth of the disturbance is limited, a finite
number of radiation modes can be used to accurately esti-
mate the radiated sound power from the plate.15 The RME
approach has been used and validated in past experimental
studies.23,15

For the current application, the RME method is used
with a single radiation mode. The plate model is divided into
a five by three grid of 15 equal elemental radiators, and the
acceleration is computed at the center of each radiator. The
grid size limits accurate plate mode detection to the �5,3�
mode; however, since the resonant frequency of this plate
mode is well above the frequency range of interest, the num-
ber and arrangement of radiators is suitable for this investi-
gation.

Using these discrete measures of acceleration on the
plate to compute the response of the first radiation mode, the
resulting estimate of radiated sound power is accurate to
within 25% of that computed using the first 50 radiation
modes. For the purpose of design optimization, the accuracy
lost is deemed reasonable for the computational time gained.
For more complex designs, one might iterate initially with a
low-order radiation filter and then use the optimized results
to confirm the solution with a higher order radiation filter.

IV. MODELING OF TRANSDUCERS

An important consideration in developing a piezocer-
amic actuator and sensor model was how to enable rapid
evaluation of arbitrarily sized patches during the optimiza-
tion process. Typical piezoceramic-structural models require
the evaluation of two integrals over the domain of the model
to determine the electromechanical coupling and the capaci-
tance. To avoid these integrals, a discrete integration ap-
proach was used to model coupling between the patches and
the plate. This discrete integration method was previously
used to optimize patch locations for suppressing flutter on a
delta wing.24

In this approach, a grid of 4-mm-square piezoceramic

elements was distributed across the surface of the plate. The
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electromechanical coupling and capacitance were calculated
at the center of each element and multiplied by the element’s
area to obtain approximate values for each element. The ca-
pacitance and electromechanical coupling of larger rectangu-
lar patches are then computed by summing the capacitance
and coupling values for all 4-mm elements whose centers
fell within the larger patch’s boundaries. Figure 2 shows an
example of how a larger patch was created from the 4-mm
elements.

The approach is accurate as long as the modal wave-
length is larger than the discrete element used in the approxi-
mation. For the purpose of this study, modes with spatial
wavelengths on the order of 4 mm are beyond the frequency
range of interest by more than an order of magnitude. Addi-
tionally, the patches themselves are designed with the intent
of providing coupling to out-of-plane motion.

It should be noted that the mass and stiffness effects of
the piezoelectric patches are ignored. For the sensor patch,
which is assumed to be polyvinylidene fluoride �PVDF�, this
is clearly acceptable since PVDF mass and stiffness proper-
ties are negligible in comparison to that of a steel plate. The
likely actuator is lead zirconate titanate �PZT�, which takes
additional consideration because it can, depending on the
relative thickness of the actuator to the plate, contribute to
the mass and stiffness of the system at a significant level. For
the structure under consideration, simple calculations re-
vealed that the error in predicting the estimated resonant fre-
quencies of the system would be less than 3%.

V. DESCRIPTION OF THE PLATE MODEL

The modeled test structure is a 0.508 m by 0.254 m steel
plate with a thickness of 2.24 mm. A Young’s modulus of
200�109 Pa and a Poisson’s ratio of 0.29 were used. The
mass per unit area of the plate was 17.433 kg/m2, giving a
density of 7782 kg/m3.

VI. CREATING THE BOUNDARY CONDITIONS

In order to simulate a wide variety of boundary condi-
tions, it is necessary to generate values for the distributed
rotational springs present at the plate edges. The spring val-
ues used at the edges of the plate vary from 0 �N·m/rad� /m,
meant to represent a simply supported end condition, to
100 000 �N·m/rad� /m, which was found to be a suitable
stiffness in representing a near clamped end condition. Each

FIG. 2. �Color online� Element summation method.
edge of the plate is independently assigned a random value
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between 0 and 100 000 �N·m/rad� /m to create a boundary
condition used in the optimization routine. Thirty different
plate models were created. For each plate, random stiffness
values �between 0 and 100 000� were independently assigned
to each of the four edges. Each time the optimization routine
is executed, a completely new set of 30 random plate models
is created, meaning the optimization proceeds from a truly
random set every time.

VII. DEFINING THE PERFORMANCE METRIC FOR
TRANSDUCER PLACEMENT

The bandwidth of interest for structural acoustic control
was limited to 800 Hz; however, the frequency range used in
the performance metric extended to 1250 Hz. The purpose
for extending the bandwidth in the performance metric is to
identify actuator/sensor pairs that couple well to modes that
radiate sound efficiently up to 800 Hz and couple poorly to
modes between 800 and 1250 Hz to provide some natural
roll-off in the response �spatial loop-shaping�.25 To increase
the efficiency of the optimal patch pair, the in-bandwidth
�0–800 Hz� coupling of a pair is rewarded while the out-of-
bandwidth �800–1250 Hz� coupling is penalized. Due to the
varying nature of the boundary conditions used in this study,
the number of modes that fall below 800 Hz is model depen-
dent.

In order to compare potential piezoceramic patch pairs
to one another, a performance metric based on the calcula-
tion of the Hankel singular values �HSVs�26 is used. HSVs
define the energy of each state in the system relative to a
specific system path and are numerically based on the ob-
servability and controllability Grammians of the system. The
HSVs are useful in the design of performance metrics that
quantify the level of controllability and observability related
to a system path and have been used in the actuator/sensor
design.27,26,28–30

The overall performance metric involves not only the
actuator/sensor path but also the disturbance/performance
path of the system �see Fig. 3�. The performance path has
been identified as the radiated sound power, and the distur-
bance path consists of stochastic point-force inputs applied
to discrete points on the structure. Rather than using the
HSVs of the disturbance/performance path, versions of the
HSVs normalized with respect to the greatest disturbance/
performance HSV were used.

The calculation of the HSV is accomplished using Eq.

FIG. 3. System block diagram.
�6�:
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Jperf = �
i=1

N

�perf	uyi

2 	wzi

2̄ , �6�

where �perf is a binary selection vector used to specify the
modes involved in the HSV calculation, and 	uyi

and 	wzi
are

the approximate HSVs of the actuator/sensor �input-output�
path and normalized HSVs of the disturbance/performance
path normalized with respect to the greatest disturbance per-
formance HSV path. The normalized 	wzi

is used to remove
any gains introduced in that path and instead create a simple
weighting vector that is also physically easier to interpret.

The response of out-of-bandwidth modes can lead to
spillover and stability issues, particularly when a controller
with a high gain is being implemented. Typically, low-pass
filters are used to attenuate system response at higher fre-
quencies beyond the desired bandwidth for control. How-
ever, having poor observability and controllability of out-of-
bandwidth modes designed into the open-loop system is the
best method of attenuating the undesirable high frequency
response25 since no additional dynamics are introduced.

HSV scoring in the out-of-bandwidth region is not con-
sidered. Instead, a ratio between in- and out-of-bandwidth
response levels was calculated. The numerator of the ratio
was obtained from the minimum amplitude of response in
the frequency domain corresponding to the resonant frequen-
cies of the �1,1�, �1,3�, and �3,1� modes �the efficient radia-
tors�. The denominator of the ratio is the h
 norm of the
response over the bandwidth from 800 to 1250 Hz. The re-
sult of this ratio is multiplied by the in-bandwidth score to
produce the overall score for a single patch pair at one
boundary condition. When the ratio is close to 1, indicating
that the in- and out-of-bandwidth responses are near the
same level, there is no positive weighting involved for the
overall score. However, when the ratio is greater than one,
which indicates that the in-bandwidth response is higher than
the out-of-bandwidth response, the overall score will in-
crease. This ratio establishes a physically intuitive relation-
ship between the in-bandwidth coupling and out-of-
bandwidth roll-off without requiring the calculation of
HSVs:

OUTratio

=
min.resonant response �1,1�, �1,3�, and �3,1� modes

h
 norm from 800 to 1250 Hz
.

�7�

The in-bandwidth score is combined with the out-of-
bandwidth ratio OUTratio to create the overall score, as
shown in Eq. �8�:

J = Jperf � log�OUTratio� . �8�

In the design process, the in- and out-of-bandwidth re-
gions are chosen to afford loop-shaping prior to the imple-
mentation of a low-pass filter. When low-pass filters are
added to a control system, the dynamics of the filters, par-
ticularly phase delay, can limit performance over the desired
bandwidth of the control system since gain margin and phase

margin are both critical with respect to stability margins. If
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actuator/sensor paths can be chosen so as to provide natural
roll-off in the frequency response and thus afford the imple-
mentation of low-pass filters at a higher frequency, more
aggressive controllers can be designed over the targeted
bandwidth for performance.

When the initial pool of patches is created, the actuator/
sensor pairs are scored using the previously described per-
formance metric, but this scoring takes place for each of the
different plate/boundary condition configurations. This pro-
duces several scores for each of the actuator/sensor pairs,
which are accumulated in a simple summation to produce an
overall score for that pair relative to all possible systems.

The scoring process takes into account all of the relevant
inputs and outputs of the system: the actuator, input distur-
bance, sensor, and performance �radiated sound power as
predicted by the radiation filters�. After a patch pair is de-
fined, a state space system of the combined piezo-structure is
created. The creation of this system is expedited by the use
of the piezoelectric element grid outlined previously. The
resulting state space system incorporates the actuator input
and sensor output specific to the patch pair being investi-
gated.

The input disturbance used for these simulations is in the
form of a 4 �long dimension� by 3 �short dimension� grid of
equally spaced point forces. The input disturbance and radia-
tion filter output do not change with the different actuator/
sensor pairs, only with the changing boundary conditions.
The result of this modeling step is a state space system com-
bining the actuator/sensor pair and each of the plate model/
boundary condition combinations. Each of these state space
systems is then used in the scoring process, resulting in a
score for each actuator/sensor pair and boundary condition
grouping. These scores are then combined to create the over-
all score for a given actuator/sensor pair.

VIII. APPLICATION OF THE GENETIC ALGORITHM

A genetic algorithm was used to select an actuator/
sensor pair that maximized the performance function when
applied to several plates with different boundary
conditions.29 Genetic algorithms are adaptive search algo-
rithms based upon the ideas of evolution, natural selection,
and genetics. The basic concept of a genetic algorithm fol-
lows the principles of survival of the fittest. Genetic algo-
rithms are optimization tools that perform mating and muta-
tion operations on a population. For the case of this
investigation, a single individual within the population is ac-
tually an actuator and sensor pair and not a single patch.

The parameters of each pair are placed in a row vector
and converted into binary form, creating a parameter vector
of ones and zeros. There are eight total parameters describing
an individual relating to the height, width, x-center location,
and y-center location of the actuator and sensor. Before the
binary conversion of these parameters, they are normalized
with respect to the maximum allowable values for each, re-
sulting in all values being equal to or less than 1. This nor-
malization prevents any possible future patch generations
from obtaining parameter values above the set maximums,

thus preventing invalid patch pairs from being created.

fera et al.: Structural control: Plates with variable boundaries 275



The mating process begins with a pool of 20 completely
randomly generated individuals. The top ten individuals
based on the cumulative performance score are selected for
the creation of the next generation. This cumulative score is
the result of summing the performance metric results for an
individual in relation to each of the boundary conditions be-
ing investigated. Using the top scoring individuals increases
the probability of producing high scoring offspring. Each of
the ten individuals is mated with two other randomly se-
lected individuals. The result of the initial mating step is 20
new offspring.

The mating of two individuals is accomplished by split-
ting the binary parameter vector of each and swapping the
front and back ends to create new vectors. Before these off-
spring are used in the next generation of mating, they go
through a mutation process. The mutation process simply
switches a set percentage of random bits within the param-
eter vector of each individual from zeros to ones or vice
versa. The mutation percentage can be varied for different
results. A low percentage means there will likely be few
drastic changes in the parameters while a high percentage
will change the parameters to the extent that they will not
maintain the generational characteristics desired from the
parents. Finally, before beginning the mating process with
the new generation the highest scoring individual from the
parent generation is inserted among the offspring. This en-
sures that the highest scoring pair in each generation is at
least equivalent to that of the previous generation, and pro-
vides for a quicker convergence on an optimal solution.

It is suggested that if the optimized results are similar at
the end of the trials when starting with completely random
conditions, then the impact of uncertain boundary conditions
can be minimized by using this optimization routine. In this
manner, the use of the performance metric and genetic opti-
mization routine can provide an actuator/sensor pair that will
produce a certain minimum level of radiated sound power
reduction. This performance is considered independent of the
boundary condition of the system, provided that condition is
bounded by the random condition set used in the optimiza-
tion process.

IX. INVESTIGATING THE RESULTS OF THE
OPTIMIZATION PROCESS

One complete run of the genetic algorithm produces a
single actuator/sensor pair that scores highly according to the
performance metric described. Since it is possible to con-
verge on a local maximum rather than a global maximum,
several dozen trials of the genetic algorithm are executed.
While there certainly exists one actuator/sensor pair that will
result in the highest score, very slight variations in size and
placement of the actuator/sensor pair will result in very simi-
lar scores. Due to the random nature of the mutation and
mating process, limited generation runs will by definition
yield suboptimal results, but further convergence would only
serve to improve performance by tenths of a percent as de-
signed for this study. A group of unlimited generation runs
would theoretically always reach the same final actuator/
sensor pair, but running trials to 100 generations yields re-

peatable results for the work presented here.
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The optimization process was executed several dozen
times to confirm that 100 generations were sufficient to yield
consistent convergence from an arbitrary starting point. The
actuator/sensor pairs shown in Fig. 4 were found to be the
highest scoring. The results �Fig. 4� appear intuitively correct
in terms of what should be considered optimal for the re-
quirements placed on the system. It is expected that actuator/
sensor pairs will tend to move away from an edge that is
nearly clamped since plate responses will be significantly
lower in this region, and a central location is expected since
the modal indices for modes that contribute to efficient
acoustic radiation are odd.

Examining the top pairs, it is apparent that actuator size
and location are very similar on each plate. The sensors have
very similar locations as well, exhibiting differences slightly
greater than that seen between the actuators. Detailed actua-
tor and sensor center locations, heights, and widths for the
top five scoring pairs are found in Table I. The average score
for the top ten patch pairs resulting from the metric used was
125. Among those top ten pairs, the deviation from that av-
erage score was less than 1%, which was a desired result
since it is well known that modal sensors can be quite sen-
sitive to errors in placement.31

The optimal actuator/sensor pair yields a frequency re-
sponse function that meets the bandwidth coupling and de-
coupling characteristics imposed by the performance metric.
Figure 5 shows the high level of coupling for the in-
bandwidth region �from 0 to 800 Hz�, coupling desired of
the optimal actuator/sensor pair to provide control over
structural modes that contribute to efficient acoustic radia-
tion. The magnitude of the coupling is lower in the out-of-

FIG. 4. �Color online� Top three scoring actuator �solid line� and sensor
�dotted line� pairs.

TABLE I. Actuator and sensor position details �all values in meters�.

Actuator Sensor

Center Height Width Center Height Width

�0.1245, 0.2510� 0.1404 0.1524 �0.1255, 0.2530� 0.1446 0.1518
�0.1335, 0.2570� 0.1416 0.1500 �0.1255, 0.2510� 0.1404 0.1518
�0.1165, 0.2550� 0.1416 0.1524 �0.1295, 0.2570� 0.1357 0.1524
�0.1195, 0.2470� 0.1452 0.1488 �0.1255, 0.2630� 0.1452 0.1524
�0.1255, 0.2550� 0.1428 0.1524 �0.1404, 0.2570� 0.1512 0.1518
Sprofera et al.: Structural control: Plates with variable boundaries



bandwidth region, chosen between 800 and 1250 Hz, where
the coupling of the response relative to the in-bandwidth
response is effectively penalized in the performance metric.
The lower level of coupling in this region can help prevent
excessive spillover of control energy into modes that are not
part of the targeted group, affording more aggressive control-
lers. By reducing the out-of-bandwidth response, the corner
frequency of the low-pass filter used to reduce noise at high
frequency can be increased relative to the targeted bandwidth
for closed-loop performance, reducing the impact of phase
delay in the targeted control bandwidth.

At higher frequencies, beyond 1250 Hz where coupling
is ignored, the magnitude of the response again increases.
Low-pass filters would be used to provide desired roll-off at
approximately 1500 Hz for the example provided to attenu-
ate the response and contribution of noise at high frequen-
cies. The frequency response functions for one of the random
boundary conditions investigated for each of the three orien-
tations shown in Fig. 4 are plotted in Fig. 5. The specific
random boundary condition associated with these response
functions had stiffness values of 1000, 4000, 15 000, and
25 000 �N·m/rad� /m at the four edges �condition D in Fig.
7�. The frequency response functions from actuator to sensor
of the three different pairs are very similar across the entire
bandwidth of the plot from 0 to 2000 Hz, which is consistent
with the fact that the scores from the performance metric
differed less than 1%.

X. CONTROLLER DESIGN

Now that the optimization of a sensor/actuator pair has
been investigated and potential solutions have been pre-
sented, discussing the design of an optimal controller is nec-
essary. The actual design of the controller uses the linear
quadratic Gaussian approach �LQG� for a single-input,
single-output controller based on an identified system model.
The linear quadratic regulator �LQR� is paired with a linear
quadratic estimator �LQE� based on the identification of the
actuator to sensor system path, in combination with a spe-
cific measurement noise floor that limits the modes targeted
by the controller. The aggressiveness of the controller is de-

FIG. 5. �Color online� Optimal patch pair frequency response functions.
termined by the values set for the measurement noise in the
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estimator and the control penalty in the regulator. Manipula-
tion of the measurement noise and control penalty also alters
the actuator effort level. The actuator effort level is com-
puted from the H2 norm between the applied disturbance and
the measured output from the compensator �input to the ac-
tuator�. Calculation of this effort level is performed to enable
a mechanism for comparing the effort of controllers across
the various boundary conditions examined. The overall sys-
tem model contains two inputs and two outputs, but with
only one of the outputs being fed back through the controller,
the controller itself can be considered single-input, single-
output �Fig. 6�.

XI. PREDICTED CLOSED-LOOP RESULTS

Controllers were designed for each of the orientations
shown in Fig. 4 for the six configurations of boundary con-
ditions illustrated in Fig. 7. One of these conditions is the
“near”-simply-supported case. Comparing the cumulative
performance of each actuator/sensor pair using controllers
with equivalent control signal energy over several boundary
condition sets provides insight into the potential performance
of each pair. The pair that consistently provides the highest
level of performance across the conditions examined is likely
to provide the best performance in the presence of an unex-
amined, random boundary condition. The first orientation
shown in Fig. 5 demonstrated the highest level of perfor-
mance after the design of the equivalent controllers and was
chosen to be the patch pair used in the future experimental
system.

FIG. 7. Boundary condition sets.
FIG. 6. Block diagram of controller design.
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Figures 8–10 show the open and closed loop magnitude
of the actuator-sensor frequency response function results for
the first actuator/sensor pair when examined in relation to
three of the random boundary conditions �conditions A, B,
and C shown in Fig. 7� involved in the optimization process.
In each figure, the dashed line represents the closed loop
response. The actuator to sensor path was chosen for the
frequency response function since the results of the control
system and the effect of patch placement are easiest to ob-
serve within that path. The high level of coupling to the three
major structural responses of interest, the roll-off of coupling
after 800 Hz, and the clear reduction at the peak responses
are all best observed within these frequency response func-
tions.

It can be seen that in each case, despite the fact that the
boundary conditions are completely randomized, the opti-
mized actuator/sensor pair is capable of reducing the re-
sponse of the plate. For each of the three conditions exam-
ined, the closed loop response demonstrated a reduction of
approximately an order of magnitude for the first two domi-

FIG. 9. �Color online� Open �solid� and closed �dashed� loop actuator-

FIG. 8. �Color online� Open �solid� and closed �dashed� loop actuator-
sensor FRF random BC A.
sensor FRF random BC B.
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nant peaks and a factor of 5 for the third dominate peak. The
dominant peaks appear at similar frequencies in the three
plots despite different boundary conditions because the range
that the dominant modes can vary over is not significant. The
optimized size and position of the actuator/sensor pairs ef-
fectively capture responses over these frequency ranges re-
gardless of the plate boundary conditions.

XII. CONCLUSION

This paper describes an optimization procedure for de-
termining the location and size of a distributed actuator and
sensor to reduce sound radiation from a plate with uncertain
boundary conditions. Dimensions of the plate were chosen to
be representative of typical aircraft panels. Results from this
study indicate that it is possible to use a single actuator/
sensor pair on panels of similar size and aspect ratio, with
variations in boundary conditions ranging from any combi-
nation of simply supported to clamped, to consistently re-
duce the closed-loop response of modes that contribute sig-
nificantly to acoustic radiation. In the practical application of
active structural acoustic control, variations in boundary con-
ditions are expected as a result of inconsistent assembly and
mounting conditions. Providing a design tool that addresses
this uncertainty and provides actuator and sensor locations
and dimensions that meet desired performance objectives un-
der such conditions is a positive step towards future commer-
cial translation of this work.
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